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Abstract: In this paper, based on a new multiplication of fractional analytic functions, the sum of some fractional
analytic functions is obtained. On the other hand, some examples are provided to illustrate our result. In fact, our
result is a generalization of classical result.
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I. INTRODUCTION

Fractional calculus is a mathematical analysis tool used to study arbitrary order derivatives and integrals. It unifies and
extends the concepts of integer order derivatives and integrals. Generally, many scientists do not know these fractional
integrals and derivatives, and they have not been used in pure mathematical context until recent years. However, in the past
few decades, the fractional integrals and derivatives have frequently appeared in many scientific fields such as mechanics,
viscoelasticity, physics, biology, economics, control theory, and electrical engineering [1-11].

However, the definition of fractional derivative is not unique. Commonly used definitions include Riemann-Liouville (R-
L) fractional derivative, Caputo fractional derivative, Grunwald-Letnikov (G-L) fractional derivative, conformable
fractional derivative, Jumarie’s modified R-L fractional derivative [12-16]. Because Jumarie type of R-L fractional
derivative helps to avoid non-zero fractional derivative of constant function, it is easier to use this definition to connect
fractional calculus with ordinary calculus.

In this paper, based on a new multiplication of fractional analytic functions, we find the sum of some a-fractional analytic
functions:

®q (1)

, €]

®q 2™
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n=02 [1 + (F(a+1) x )

where 0 < a < 1, and m is a non-negative integer. In fact, our result is a generalization of traditional result of ¢ = 1.

I1. PRELIMINARIES
At First, we introduce the definition of fractional analytic function.

Definition 2.1 ([17]): If x, x,, and a,, are real numbers for all k, x, € (a,b), and 0 < a < 1. If the function f,: [a,b] - R

can be expressed as an a-fractional power series, i.e., f,(x%) = z;:;oﬁ (x — x,)** on some open interval containing

Xo, then we say that f, (x%) is a-fractional analytic at x,. Furthermore, if f,: [a, b] = R is continuous on closed interval
[a, b] and it is a-fractional analytic at every point in open interval (a, b), then f,, is called an a-fractional analytic function
on [a, b].

Next, a new multiplication of fractional analytic functions is introduced below.

Definition 2.2 ([18]): Let 0 < @ <1, and x, be a real number. If f,(x%) and g,(x%) are two a-fractional analytic
functions defined on an interval containing x, ,
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fcl(xa) = Z;}:Oﬁ (x - xO)na! (2)
9a(x) = Tiico gt (x = xo)™® 3)
Then we define
fa(x)®q o (x¥)
= Sty O — %)™ ®a Tty (& = %)™
00 n na
= Sioromrs (im0 () @nombm) (2 = x)™. (4)
Equivalently,
fa(x)®q gu(x¥)

QB

= S0 (s = x)) B B (s e x))

= Zn=o ( m=0 (rrrlz) an_mbm) (F(a1+1) G xO)a) " ©)

Definition 2.3 ([19]): If0 < a < 1,and f,(x%), g,(x%*) are two a-fractional analytic functions defined on an interval
containing x, ,

a a ®qn
folx®) = Biico s (= x)™ = Do 2 (ris (0= 0)) (6)
0a(x) = Tig s (6 = 20)™ = S (s e = x)?) ™
The compositions of f,(x%) and g, (x%) are defined by
(fr © 9) (6 = fu(92(x) = B0 22 (90 (x)®", ®)
and
(Ga ° f) D) = ga(fa(xD) = B0 2 (fu ) ® " ©)

Definition 2.4([20]): Let0 < @ <1, and f,(x%), g,(x%) be two a-fractional analytic functions. Then (fa(x“))®“" =

fa(xM)Qy ++* By fu(x%) is called the nth power of f,(x*). On the other hand, if f,(x*)®, g,(x%) = 1, then g, (x%) is

called the ®,, reciprocal of £, (x%), and is denoted by (fa(x“))®“_1.

I1l. MAIN RESULT
In this section, the sum of some fractional analytic functions is obtained, and we give some examples to illustrate our result.
Theorem 3.1: If 0 < @ < 1, and m is a non-negative integer. Then

)®a @m]®e Y

7’11:0 2t [1 + (F( +1)
1 1 ®q (2™*1)
| v ) ()

« (2™ o (2m141) ®q (1)
® [1 h (F(oc1+1) xa) - (1‘(0:1+1)xw)® T (ﬁxa)ea . ] : (10)
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Example 3.2: Let 0 < a < 1, then
1y1®a (1)
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And

®a (-1)

211120 on. [1 + ( 1 xa)®a (2”)]

I'(a+1)

B [2047 2048 (F(a1+1)xa) + (r(a1+1)xa)®a (2048)] ® [1 B (F(a1+1)xa) B (F(a1+1)xa)®“ Y +

( 1 0()®a (2049)
r(a+1)

(12)
IV. CONCLUSION

In this paper, a sum of some fractional analytic functions is obtained based on a new multiplication of fractional analytic
functions. Moreover, some examples are given to illustrate our result. In fact, our result is a generalization of traditional
result. In the future, we will continue to study the problems in engineering mathematics and fractional differential equations.
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